Optimal multi-antenna wideband signaling schemes are derived for multipath channels assuming perfect channel state information at the transmitter. The scheme that minimizes the bit-error-probability in the single-user case is a rank-one space-time beamformer which focuses the signal transmission in the direction of the most dominant channel mode. Several sub-optimal variations are discussed for multiuser applications. The optimal signaling scheme given channel statistics at the transmitter is also derived. The optimal scheme in this case is a full-rank space-time beamformer that transmits on all channel modes. Analysis and simulation results are used to compare the schemes proposed in this paper. Finally, we discuss the optimal signaling scheme when a delayed version of the channel state is available at the transmitter. It is shown that in this case the optimal scheme is a rank-1 beamformer when the channel variations are su ciently slow and is a full rank beamformer in a su ciently fast fading channel.
Introduction
Spatio-temporal diversity, combining multiple antennas and temporal signaling, has emerged as a key technology in state-of-the-art systems. For example, an antenna array is required at the base station in the third generation WCDMA standard 1]. Receive and transmit antenna diversity are utilized for uplink and downlink applications, respectively. In receive diversity, multiple copies of the transmitted data are processed to combat channel fading. Transmit diversity, on the other hand, utilizes a pre-designed signaling scheme to send multiple copies of the data for the same purpose. Use of antenna arrays at both the base station and mobile is envisioned in future wireless communication systems 2] . In this case, transmit and receive diversity techniques can be used simultaneously to enhance system performance.
The use of time-division duplexing, where uplink and downlink transmission are interleaved in time, as well as feedback channels for frequency-division duplexing, allow the transmitter to obtain channel information. This information can be used to design an ecient signaling scheme at the transmitter. Several methods for transmit signal design using channel information are found throughout the literature. For example, a lterbank-based scheme for maximizing data rate in multicarrier systems is described in 3]. The use of channel side information at the transmitter for narrow-band systems is discussed in 4]. This paper focuses on the design of an optimal diversity signaling scheme that minimizes the bit-error rate (BER) given channel side information at the transmitter. We show that when perfect channel state information is available, the BER-optimal solution is characterized by a rank-1 structure: the same signature code is transmitted through each antenna and weighted according to the channel state. For a single path channel, we show that the signature code is arbitrary and the optimal antenna weights focus the transmission at the most dominant spatial channel mode. For a multipath channel, however, we show that the optimal signature code is a discrete-time sinusoid with frequency equal to the channel frequency having maximum gain. This optimal scheme can be viewed as adaptive frequency hopping with spatial beamforming.
In multiuser scenarios, strictly enforcing optimality for each user may result in two or more users having the same maximizing frequency and hence the same signature code at a particular instant. One way to resolve this problem is to use the sub-dominant frequencies for other users having the same maximizing frequency as the rst user. Another alternative approach is to assign distinct xed signature codes to di erent users. Then, beamformer 1 weights are chosen to minimize the BER for each user given the sub-optimal code. We term this structure the sub-optimal beamforming scheme.
When only channel statistics are available at the transmitter, we show that BER is minimized by transmitting over all the channel modes. For a given statistics, distinct linearly independent signature codes are chosen for di erent transmit antennas to minimize the average BER. This structure is termed the multicode scheme. We also analyze the e ect of delayed channel state information at the transmitter and demonstrate that the BER-optimal solution deviates from the rank-1 scheme and is analogous to a multicode scheme when the channel fading is su ciently fast relative to the delay.
The rest of the paper is organized as follows. The channel model is outlined in Section 2, followed by BER analysis for the coherent receiver in Section 3. Diversity signaling design given perfect channel state information is discussed in Section 4. Section 5 covers signaling design when only the channel statistics are available. The optimal scheme given delayed channel state information is discussed in Section 6. Analysis and simulation comparing di erent schemes are given in Section 7, followed by concluding remarks in Section 8.
We (1)
The parameter h lqp is the channel coe cient representing the coupling between the p-th transmit and q-th receive antenna for the l-th path. The additive noise vector n(t) is assumed to be zero mean circularly symmetric complex Gaussian with E n(t)n H (t 0 )] = 2 (t ? t 0 )I Q .
In this paper, we focus on utilizing the available spatio-temporal degrees of freedom for diversity only { that is, a single bit stream is transmitted on all antennas. Thus, x(t) = b v(t), 
where (8) 
The dependence of BER on the signature codes is made explicit by substituting (10) into (7).
Diversity Signaling Given Channel States
In this section, we discuss the design of signature codes S = s 1 s P ] to minimize BER given the knowledge of channel states fh q g Q q=1 .
In practice, estimates of channel states may be available at the transmitter either via a feedback channel or indirect measurement. A feedback channel from the receiver to the transmitter is used in frequency-division duplexing (FDD) systems. Indirect channel measurement is applicable in time-division duplexing (TDD) since the uplink and downlink channels are identical. Provided that the switching time between uplink and downlink is signi cantly smaller than channel coherence time, accurate measurement can be obtained. In this section, we assume that channel states are perfectly known at the transmitter. The optimal signaling scheme is derived for a general multi-antenna system in an L-path channel. A variation of the optimal scheme that provides more exibility for multi-access scenarios is also given.
4.1 The Optimal Diversity Signaling Scheme: Rank-1 Space-Time Beamformer
We are interested in nding the signature code matrix S that minimizes the instantaneous BER given fh q g Q q=1 .
Combining (6) and (10) and using the fact that Q( p x) is decreasing with x, the optimal S solves S = arg max As depicted in Figure 3 , all the transmit antennas share the same length-N signature code c followed by the beamformer w 2 C P . Thus, the optimal diversity signaling scheme is decomposed into temporal and spatial elements, represented by c and w, respectively. The signature code c is arbitrary since the channel is frequency independent for L = 1. This allows di erent signature codes to be assigned to di erent users to minimize multi-acess interference, and each user separately computes its optimum beamformer based upon the most recent channel states. This structure was termed \closed-loop transmit diversity" in 8] for FDD systems. The single path model may be applicable to a multi-antenna OFDM system in which the channel associated with each sub-carrier is frequency non-selective. 
Proof: see Appendix A. 2
Notice that the p-th row of g n;q is the complex conjugate of the frequency response of the channel between the q-th receive and p-th transmit antenna at frequency 2 n N . Also, for 7 Q = 1, w simpli es to g n;1 =kg n;1 k, where n = arg max n kg n;1 k 
with n and n given in (16) and (18), respectively. In a frequency selective channel, the minimum BER is obtained by transmitting the signal at the (discretized) frequency corresponding to the maximum channel gain. This is re ected in the choice of signature code c.
Note that at any particular instant, the transmission is focused to a particular frequency within the available bandwidth. However, over longer time intervals where the channel state varies signi cantly, the transmitted signal is likely to traverse the entire bandwidth. Once the maximizing frequency is chosen, the spatial beamformer w focuses the signal on the dominant spatial channel mode at that frequency to minimize instantaneous BER. We term this structure the optimal space-time beamforming scheme. In essence, focusing the transmission to the most dominant spatio-temporal channel mode is a generalization of selection diversity. We note that the space-time signaling structure depicted in Figure 3 applies to both the optimal solutions in Theorem 1 (L = 1) and 2 (L > 1). For L = 1, c is arbitrary.
Sub-optimal Beamforming Scheme
In multi-user scenario, strictly enforcing optimality for each user may result in two or more users having the same maximizing frequency n and hence signature code c at a particular instant. One way to resolve this problem is to use sub-dominant frequencies for other users that have the same maximizing frequency as the rst user. Another sub-optimal approach is obtained by replacing the optimal signature code c with an arbitrary unit-norm codec, such as Gold or Walsh-Hadamard codes. Givenc, the spatial beamformerw is chosen to minimize the BER. In this case, U in (11) can be written ascw T , where the optimization is performed over nw 2 C P : kwk 
where the last equality follows from Identity 2 at the end of Appendix A. From (11) and (20), the optimal spatial beamformerw given the signature codec is given bỹ w = arg max For a single-path channel, the performance of this sub-optimal scheme is identical to the optimal one since the optimal signature code c is arbitrary, as shown in Theorem 1.
Diversity Signaling Given Channel Statistics
When only channel statistics are available at the transmitter, the appropriate performance measure is the average BER. For Rayleigh fading channels, the second-order statistics completely characterize the channel. The advantage of using channel statistics is that they vary much slower in time than the channel states, and thus can be measured more accurately at the transmitter in the TDD case, or require less frequent feedback in the FDD case.
To obtain an analytical expression for the average BER, it is useful to write P Q q=1 h H q Rh q in (6) The above theorem suggests that to minimize BER AV , the set of signature codes S = s 1 s P ] should be chosen such that = (I Q R) = CI PQL : (24) Without loss of generality, we choose C = 1=PQL. Since is positive-de nite and hence non-singular, it can be inferred from (24) that the optimal code correlation matrix R must be non-singular. Hence, from (10) it is easy to see that S must be full column rank, unlike the optimal rank-one solution for S when channel state information is available (S = cw T ).
This implies that when only channel statistics are available at the transmitter, the signature codes used for di erent transmit antennas should be linearly independent. We refer to this particular structure as the multicode scheme.
When all the channel coe cients are independent and identically distributed (IID) so that = 1 QL I PQL , the problem is reduced to choosing S such that R = 1 P I PL . For a singlepath channel, any set of orthogonal codes can be used, such as Walsh-Hadamard codes.
However, for a multipath channel (L > 1) the code correlation matrix R resulting from Walsh-Hadamard codes is quite di erent from 1 P I PL . A set of Gold sequences is one choice that results in R 1 P I PL 7] . Hence, choosing S to be a set of Gold sequences will result in near-optimal performance.
Since some channel coe cients can be correlated or have di erent average energy, the channel covariance matrix can be any PQL PQL Hermitian positive de nite matrix. In this case, using codes that result in R 1 P I PL may result in performance loss compared to the optimal codes. In many cases there is no set of codes S that satisfy (24) exactly. When (24) cannot be achieved in the strict sense, a natural approach is to seek an approximate solution, such as S = arg min 
Optimal Scheme Given Delayed Channel States
The results in Section 4 assume that the channel state information at the transmitter is perfect. However, in practical systems, some non-idealities may exist. For instance, both FDD and TDD provide delayed versions of the channel state at the transmitter. In addition, for FDD systems, channel state information is quantized and su ers from feedback bit error. Delay is by far the most prominent non-ideality since su ciently ne quantization and low error rate feedback channels can be used. In this section we discuss optimal signaling given a delayed version of the channel state. A comparison between multicode and beamforming schemes in the presence of delay is given in 8] using average BER. given in (39) in Appendix C. When opt = 1, S represents the beamforming solution depicted in Figure 3 . On the other hand, opt < 1 indicates a multicode solution as S is of rank 2. Notice that the rank 2 S is a perturbation from the beamforming solution v 1ĥ H =kĥk. This perturbation is needed to achieve optimality due to the uncertainty in the most dominant channel mode derived from the delayed channel stateĥ. The value of opt in (30) is depicted in Figure 4 as a function of for various values of E 2 while xing ĥ 2 = 1 and
Observe that the rank-one beamforming solution becomes optimal at smaller values of (faster fading) as E 2 is decreased.
Comparison and Examples
It is shown in Section 4.2 that the sub-optimal beamforming scheme is inferior to the optimal scheme when channel state information is available at the transmitter. Also, for single path channel, it is shown that the optimal scheme coincides with the sub-optimal scheme. In this section we rst demonstrate that the sub-optimal beamforming scheme in Section 4.2 based on channel state information is superior to the multicode scheme. This is intuitively satisfying since channel states convey more information about the channel than channel statistics. For simplicity, assume that = 
These conditions result in the same transmitted signal energy. For the multicode scheme, (32) results in minimum BER AV as it satisti es the optimality condition given in (24). The condition (31) for the signature codec in the sub-optimal beamforming scheme indicates thatc has the same auto-correlation characteristics as the codes in the multicode scheme. By the convolution theorem, it also indicates thatc has an all-pass frequency response, in contrast to the optimal solution implied by Theorem 1. Let F sub and F multi be SNR gain as de ned in (7) for (31) and (32) This demonstrates that the best multicode scheme cannot outperform the sub-optimum beamforming scheme. Hence, using channel state information to optimize only the spatial beamformer is still bene cial. Moreover, for a system with one receive antenna in single-path . This indicates a (10 log 10 P) dB SNR gain for the sub-optimal beamforming over the multicode scheme.
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We next compare the optimal beamforming, sub-optimal beamforming, and multicode schemes for a P = 2 system with di erent values of Q and L and N = 31. Binary Gold codes are used for one of the sub-optimal beamforming and multicode schemes. The correlation properties of binary Gold codes are such that (31) and (32) are closely approximated 7]. The simulated channel is Rayleigh fading with = 1 QL I PQL . The average BER curves are depicted in Figure 5 (a)-(d) . Observe that for L = 1 (Figure 5 (a),(b) ), the suboptimal beamforming scheme coincides with the optimal one. Also, the gain of the optimal beamforming scheme relative to the multicode scheme is more pronounced as the number of paths L increases. This gain is obtained due to the spectral focusing of energy in the frequency selective channel as discussed in Section 4.1. The sub-optimal scheme only focuses spatially. For L = 2 and 4, we choose d l 2 f0; 1g and f0; 1; 2; 3g, respectively. The suboptimal beamforming schemes utilize the Gold code, the second, and the fourth dominant frequencies. Figure 5 (c)-(d) show that the schemes which use sub-dominant frequencies still outperform the one using the Gold code. The loss associated with use of sub-dominant frequencies seems to be negligible, yet more pronounced for a larger number of paths L. This is because frequency selectivity increases with the number of paths L.
As an example of signaling design given the channel statistics, we choose a P = 2; Q = 1 system in a single path channel (L = 1) with channel statistics where u 1 ; u 2 2 C N form an orthonormal set. Figure 6 shows BER AV of the optimal multicode and Walsh-Hadamard based multicode schemes (R = I 2 =2) with N = 32. In this case, the performance of the optimal scheme does not depend upon and since (24) is satis ed exactly independent of and . As evident, the performance gain of the optimal scheme becomes more signi cant as c and/or increase.
To illustrate signature code design given the channel statistics for a multipath channel, Observe that for all fading rates, the performance of the optimal solution tends to coincide with that of beamforming for small , beamforming is near-optimal for low Doppler spread and multicode is near optimal for high Doppler spread.
These results indicate that the beamforming solution is optimal only when the delay is small relative to the channel fading rate or the fading is su ciently slow, i.e. 2 Df d 1.
As the fading rate increases, the optimality of the multicode scheme is attributed to the increase of uncertainty of the most dominant channel mode. However, the rank-1 scheme is always better when E= 2 is small. It is reasonable to expect that this claim also holds for P > 2 and Q; L > 1. Furthermore, for other types of non-idealities, beamforming solution is perceived to be optimal when the non-idealities are su ciently mild. This conclusion is similar to the results in 4].
Conclusions
The design of diversity signaling schemes that use channel side information at the transmitter is investigated. The channel side information is either the channel state or the channel statistics. It is shown that when perfect channel state information is available at the transmitter, the BER-minimizing scheme consists of a common signature code for all transmit antennas, followed by a beamformer which focuses the transmission to the most dominant spatio-temporal channel mode at any particular instant (the space-time beamforming scheme). The optimal space-time beamformer scheme can be e ciently implemented using IDFT-DFT bank as in multicarrier systems, followed by an adaptive array. The beamformer computation involves a DFT and nding the most dominant eigenvector of a P P matrix.
Some variations of this scheme are suggested for multiuser scenarios. When only the channel statistics are available at the transmitter, the BER-minimizing solution suggests that the signal should be transmitted throughout all the channel modes to combat the e ects of fading. This is done by utilizing a set of linearly independent signature codes for the transmitter array that match the channel statistics so as to provide independent and identical fading sub-channels (the multicode scheme). Finally, we discuss signaling design based upon
Notice that the phase angles f' p g are immaterial. Hence, the optimization problem is reduced to nding non-negative parameters f( p ; p )g P p=1 such that P P p=1 p = 1, P P p=1 p = 
